MnGe has been reported as a candidate of three-dimensional (3D) skyrmion crystal in comparison to the two-dimensional (2D) skyrmion observed in most other B20 compounds like MnSi. In addition, the small-sized skyrmions in MnGe are desired properties for information storage. By performing the density functional theory (DFT) calculations and model simulations based on the DFT-informed tight-binding Hamiltonian, we explore the nature of the 3D skyrmion in MnGe. By invoking a dual nature of d-electrons on Mn atoms, we propose a strong-correlation derived spinfermion model with an antiferromagnetic coupling between the localized and itinerant moments. This model could explain the drastic difference of magnetic moments between MnGe and MnSi compounds. In addition, we find that the 3D or 2D nature of skyrmions are dependent on the coupling strength. Introduction. Mathematically, a skyrmion is a topological soliton solution known to occur in a non-linear field theory of hardrons in nuclear physics, originally proposed by Skyrme [1] . Nowadays the skyrmions are found to be relevant in condensed matter systems including quantum Hall systems [2], liquid crystals [3] , and Bose condensates [4] . A magnetic skyrmion makes up a topological configuration of non-coplanar spin swirls. The local magnetic moments of the skyrmion domain could cover the surface of a sphere, giving the topological winding number of skyrmion index. The magnetic skyrmions were theoretically predicted in chiral magnets without inversion symmetry [5] . Their existence was later established experimentally in the bulk phases and thin films of noncentrosymmetric B20-type hellimagnets [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] .
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Skyrmions observed in most of these magnetic systems are of a two-dimensional (2D) nature with the constant spin texture along c axis as stabilized on the thin film. Recently, the three-dimensional (3D) spin densitydependent topological transport phenomena in MnGe indicates a non-coplanar spin structure [16] ; while the realspace measurement on MnGe demonstrated the stacking of hedgehog and antihedghog spin textures [17] . The hedgehog and antihedghog configurations indicate allout and all-in spin textures with the different sign of the skyrmion index. Therefore, although the other cubic B20 crystals display the 2D skyrmion, MnGe is the unique compound to show the 3D skyrmion, besides high magnetic ordering temperature [18] [19] [20] and small skyrmion size [17, 19] . Understanding of the complicated nature of magnetism in MnGe will be one fundamental challenge of the condensed matter. Computationally, even in the smallest skyrmion of MnGe among B20 compounds, the simulation of the 3D skyrmion needs more than 1500 atoms in a supercell built with 6 × 6 × 6 primitive cells, which is beyond the current simulation capability within the ab initio density functional theory (DFT). Theoretically, the DFT could not capture the magnetic state of some B20 compounds. For example, the DFT calculation overestimates the magnetic moment of MnSi [21, 22] . Furthermore, the non-Fermi liquid behavior in MnSi [23] suggests that strong correlation is important to explain the electronic structure of B20 compounds.
In this Letter, we explore the origin of 2D and 3D skyrmions and the variation of local moments in B20 compounds. We start with the DFT calculations to understand the electronic structure in MnGe. We then construct an effective low-energy Hamiltonian based on the DFT inputs. Since MnSi and MnGe have the same number of valence states, they can be investigated systematically. We proceed to answer why MnSi and MnGe show the different nature of the skyrmion, within a strongcorrelation driven spin-fermion model. We find the origins of 2D and 3D skyrmions and the local moments are controlled by the strength of the coupling between localized and itinerant magnetic moments.
Method. We perform the DFT calculations by employing the projector augmented wave method implemented in the Vienna ab initio simulation package (VASP) [24, 25] and the full-potential linearized augmented plane wave (LAPW) method implemented in the WIEN2k package [26] . We use the generalized gradient approximation (GGA) of Perdew-Becke-Ernzerhof (PBE) for the exchange-correlation functional [27] . The WIEN2k (VASP) package is employed for the primitive (supercell) calculations. We use the experimental lattice parameters and internal atomic positions for MnGe [28] . Through the maximally localized Wannier function method (MLWF) [29, 30] implemented in Wannier90 [31] , the tight-binding Hamiltonian is constructed. The LAPW results are used as the input for Wannier90 [32] . The effective model Hamiltonian is solved with Tight-Binding Modeling for Materials at Mesoscale (TBM3) package [33] .
Numerical results and discussions. The DFT calculations give a magnetic moment of 2 µ B and 1. Mn ion in MnGe (4.795Å) and MnSi (4.551Å), respectively. Although the DFT gives the result consistent with the experiment [20, 34] for the size of magnetic moment in MnGe, it significantly overestimates the moment size in MnSi, which is found to be only 0.4 µ B /Mn [35] . To understand this difference, we carried out the DFT calculations for MnGe with the lattice constants of the MnSi crystal [36] and obtained a value of 1.0 µ B /Mn, which is close to that for MnSi. This observation excludes the role of the ligand atom species in causing the drastic moment change. Instead it suggests that the systematic magnetic properties go beyond by DFT and electronic correlation effects must be incorporated into the study of skyrmion properties in these compounds.
It is known that the electronic correlation could produce the dual nature of electrons, showing the coexistence of the localized and delocalized states. Although the dual nature is intensively discussed in f -electron heavy fermion systems [37] , the concept as represented by the spin-fermion model was also applied to address the quantum critical phenomena in high-temperature cuprates [38] . More recently, this correlated electron model has also been applied to understand the quantum criticality in Fe-pnictides [39] . Within the correlated electron picture, the electronic excitations encompass an incoherent part far away from the Fermi energy and a coherent part in its vicinity. The incoherent part corresponds to the lower and upper Hubbard bands in connection with the Mott insulator when the electron on-site repulsion is larger than the Mott localization threshold, and is described in terms of localized magnetic moments; while the coherent part is adiabatically connected to its noninteracting counterpart. It has been shown [40] that this division of the electron spectrum is a successful and convenient way of analyzing the complex behavior of bad metals near the Mott transition. Here we adopt the same type spin-fermion model to describe 3d electrons in MnGe and MnSi compounds.
We construct the tight-binding model through the MLWF from the DFT result without the spin-orbit coupling (SOC). Figure 1 shows the MLWFs with Mn d and Ge p well reproduce the DFT band structure between -6 eV and 6 eV. [More information of the electron structure with the DFT calculation is given in the Supplemental Information (SI).] Upon a renormalization, this DFT-based tight-binding Hamiltonian represents the coherent part of interacting electrons, which are antiferromagnetically coupled to the localized moments. The system Hamiltonian is written as:
with
Here the renormalization parameter is denoted by α. The variables S, s, and g, denote the localized and itinerant moments, and the coupling strength between them. The indices i denote the site, and m, l m and s m indicate dorbital index, its angular momentum quantum number, and its spin quantum number, respectively. The quantities µ and h B are the chemical potential and the external magnetic field. λ d is the SOC strength and is chosen to fit with the DFT+SOC bandstructure. Here, λ d =0.07 eV, and h B =0 eV were used. Since the Hamiltonian has a scaling property with α, g and the magnitude of S (| S|), α = 1 and | S|=2 were used for convenience. Figure 2 (b) shows the itinerant magnetic moment as a function of the coupling strength g. The coupling-driven spin-polarization of the itinerant band produces an itinerant magnetic moment. For example, the itinerant magnetic moment shows 2.0 (0.3) µ B at g=0.4 (0.05) eV. Because the itinerant magnetic moments is anti-parallel to the classical spin (| S| = 2 µ B ), the total moment at g=0.4 (0.05) eV estimates ∼ 0 (1.7) µ B . Therefore, the reduced (large) magnetic moment observed in MnSi (MnGe) could correspond to the case of large (small) g. This is because g is proportional to the electron hopping, which is enhanced with volume collapse (14.5% from MnGe to MnSi). In addition, our results also explain the observation of a significant moment suppression in MnGe under a 6 GPa pressure [34, 41] .
We now examine the total energies for the ferromagnetism (FM), the A-type antiferromagnetism (A-AFM), the C-type AFM (C-AFM), and the G-type AFM (G-AFM) as a function of g in an 8 × 8 × 2 supercell. Since the B20 structure has 4 different transition metal layers stacked along the c-axis, the shortest periodicity of c/4 along the c-axis could be defined. The possible AFM periodicity along the c-axis is the multiple of c/4 such as c/2, c, and 2c (see Fig. S4 in SI). We found that 2c of the magnetic periodicity along the c-axis is suitable to describe the phase transition between C-AFM and G-AFM states (see Fig. S5 in SI) and 2c was used to make an AFM along the c-axis in our study. The magnetic phase diagram as a function of g between 0.05 eV and 0.4 eV is summarized in Fig. 2(a) . When g is between 0.4 eV and 0.3 eV, the ground state is the C-AFM phase. The crossover between G-AFM and C-AFM phases occurs at g = 0.3 eV. Therefore, G-AFM becomes the ground state at g < 0.3 eV. The energy of the FM is higher than other configurations at large (> 0.35 eV) and small (< 0.1 eV) g. For g between 0.1 eV and 0.35 eV, the A-AFM shows the highest state among them. As g approaches 0.05 eV, the difference in the total energies of four magnetic states becomes very tiny, because the magnitude of itinerant moments becomes negligible at small g. The phase transition between C-AFM and G-AFM could provide the useful insight into the 2D and 3D skyrmions. The center and boundary of the skyrmion show the antiferromagnetic relation. If the distance between the center and border becomes as short as possible, the skyrmion would be comparable to an antiferromagnetism. Since the spin structure in the G-AFM is reversed layer by layer, the G-AFM might be associated with the 3D skyrmion. Therefore, we assume the C-AFM and G-AFM might be regarded as 2D and 3D skyrmions at the extremely small size. Therefore, as shown in Fig. 2(a) and Fig. 4(a) , one expects that 3D (2D) skyrmion can emerge when g is smaller (larger) than 0.3 eV.
Based on the above insight, we now investigate 2D and 3D skyrmion properties in real space. A skyrmion lattice is constructed in the 8×8×2 supercell shown in Fig. 3(a) . The single skyrmion is manipulated inside each rectangle with (cos(φ) sin(θ), sin(φ) sin(θ), cos(θ)). The distance r and the azimuthal angle φ are computed with respect to the center of each rectangle as depicted in Fig. 3(b) . θ is a function of r for a given parameter r 0 , characterizing the size of the skyrmion texture. Every classical spin at the center (r = 0) of the rectangle points downward. Outside each rectangle, all classical spins are aligned upward to satisfy the boundary condition of skyrmion. For example, for r 0 =0.5, only the spin at the center points downward while others becomes almost upward. The different sizable skyrmions are shown in Fig 3(e)-(h) as a function of r 0 . The skyrmion index is the summation of the solid angle (Θ) over the spin texture. We used the following formula to calculate the solid angle:
subtended by three neighboring spins, S i in the 2D plane. The skyrmion index is given by i Θ i /4π in each Mn layer. The skyrmion index of each layer needs to be +4 or −4 due to the four skyrmion in each layer. Practically, the skyrmion indices are −4.0, −3.93, −3.76, −3.56, for r 0 = 0.5, 1.0, 1.5, 2.0, respectively. The non-integral topological index suggests a finite size effect that the rectangles as marked in Fig. 3(a) cannot fully accommodate a larger-sized skyrmion. However, because the tiny skyrmion would be stabilized in MnGe, this finite size effect does not occur to MnGe. The 2D skyrmion could be easily placed using the equivalent skyrmion formula as a function of a layer. The sign of the skyrmion index was determined by the sign of the numerator of Eq. (3). Due to the multiplication of three spins in the numerator, the whole sign change of the classical spins layer by layer drives the sign change of the skyrmion index along thec axis. Here the positive skyrmion index means a skyrmion and the negative one implies an antiskyrmion. Although the observed 3D skyrmion has the alternating stack of the hedgehog (all-out) and antihegehog (all-in) textures, we use the 3D skyrmion structure of skyrmion and anti-skyrmion defined in 2D space.
We searched the local minimum of the total energy of the 2D or 3D skyrmion as a function of g and r 0 in reference to the FM energy. Figure 4 with r 0 =0.5 is stabilized at g > 0.3 eV. In other parameters, we could not find a stabilized skyrmion in comparison to the FM energy. Our model shows the very tiny skyrmion in both the stabilized 2D and 3D skyrmions. Since our tight-binding model is constructed from the DFT inputs of MnGe, large-sized skyrmions as observed in MnSi could not be stabilized with the current parameters. It is noteworthy that, while the DFT calculations always obtain that the FM state has a lower energy than any skyrmion configuration in MnGe, the spin-fermion model indeed predicts several important results: (1) the stabilized skyrmion state in comparison to the FM state, (2) the phase transition from 2D to 3D skyrmions with reduced g, and (3) the skyrmion lattice in the 8x8x2 supercell. To test the stability of the skyrmion state, the local minimal of the 2D (g = 0.35 eV and r 0 = 0.5) and 3D (g = 0.1 eV and r 0 = 0.5) skyrmions are iterated by Langevin-Landau-Gilbert (LLG) spin dynamics, implemented in TBM3 package [33] :
where F i is the effective field from the HellmannFeynman theorem. In Eq. (4), η is a positive value for the damping term and we set dt = 0.1 and 0.02 to update the local spin orientation for g=0.05 eV and 0.35 eV, respectively. The calculations show the initial skyrmion states are indeed maintained.
Summary.
We have demonstrated that the spinfermion model with the antiferromagnetic coupling between the itinerant and localized electrons can capture the magnetic properties of MnGe and MnSi at the same time. The model is based on the tight-binding model from the DFT result in MnGe. At large values of coupling strength g, the compensation of the localized and itinerant moment leads to a reduced moment state (MnSi) and gives rise to a 2D skyrmion. At small values of g, the reduction of itinerant moment gives a large moment state (MnGe) and a 3D skyrmion. We have found the itinerant moment controlled by g plays an important role in determining whether a 2D or 3D skyrmion should be stabilized. Our spin-fermion model has given a consistent picture on the understanding of the 2D and 3D skyrmions in B20 compounds. Supplemental Information: Strong-coupling induced three-dimensional skyrmion in MnGe
We performed the DFT calculation in the non-magnetic MnGe. Figure S1 shows the density of states (DOS) in non-magnetic MnGe. With the three-fold rotation symmetry along the (1,1,1) direction, 3d orbital states In Mn ions could be split into d zx +d yz ,d x 2 −y 2 +d xy and d z 2 , whose DOS are presented in Fig. S1(b) . All d states are mainly distributed between [-2 eV, 2 eV]. Also, there is the strong hybridization between Mn 3d and Ge 4p states, as shown in Fig. S1(a) . The Ge-4p partial DOS intensity at E F is too small compared with that of Mn 3d. Therefore, Mn 3d states should have a major role for the magnetism.
Band structures of non-mangetic MnGe w/o and /w SO 
Bandstructures with and without spin-orbit coupling
We investigated the spin-orbit coupling (SOC) effect on MnGe. Figure S2 shows the band structure with and without SOC. The energy splitting due to SOC is about 1 meV. This strength of the SO is well fitted with λ d =0.07 eV in λ d l m · s m .
Total energies as function of skyrmion size
We performed the non-collinear DFT calculation of the skyrmion spin texture in MnGe. Using the skyrmion definition in Fig. 3(b) , we put the 2D skyrmion texture in n × n × 1 supercells (n=integer). Figure S3 shows the total energy as a function of skyrmion size in different supercells. Only 5 × 5 × 1 and 7 × 7 × 1 supercell could have a stabilized skyrmion with r 0 =1. The calculated size of skyrmion is smaller than r 0 =2 in MnSi [S1]. The n × n × 1 (n = 4, 6, 8) supercell calculations show no stable skyrmion, because the center of skyrmion could not be defined in the even number of lattice. However, the larger skyrmion in MnSi than that in MnGe was demonstrated in the 8 × 8 × 1 supercell [S1]. To stabilize a very tiny skyrmion, the center of the skyrmion should be defined.
Periodic boundary condition
There are several choices to make a G-AFM in the B20 structure. The primitive unit cell of MnGe has four Mn-Ge layers stacked along the c axis. We could define the shortest periodicity of c/4 along the c-axis. The AFM periodicity Skyrmion size Total energy eV (energy /unitcell) FIG. S3: (color online) Relative total energy of a skyrmion as a function of the initial skyrmion size r0 in the n × n × 1 supercell (n = 4-8). Here we take the energy of the skyrmion phase with r0=0.5 as an energy reference.
along the c-axis could be the multiple of c/4 such as c/2, c, and 2c. Here we used the spin arrangement shown in Fig. S4 (f) to achieve 3D skyrmions. The reason of our choice will be presented below.
We performed the total energy calculation of G-AFM and C-AFM states in the 8 × 8 × 2 supercell with the 1 × 1 × 1 momentum mesh. Figure S5 shows that the periodicity of 2c along the c-axis produces the clear phase transition between G-AFM and C-AFM states. Therefore, a 2c length was used for the antiferromagnetic periodicity along the c-axis throughout this work. We used a 4 × 4 × 2 momentum mesh to simulate the skyrmion properties in the spin-fermion model in this work due to the convergence requirement. 
